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PROPER HOLOMORPHIC MAPPINGS IN THE SPECIAL CLASS OF
REINHARDT DOMAINS
 LUKASZ KOSIN´SKI
Abstract. A complete characterization of proper holomorphic mappings between domains from
the class of all pseudoconvex Reinhardt domains in C2 with the logarithmic image equal to a
strip or a half-plane is given.
1. Statement of results
We adopt here the standard notations from complex analysis. Given γ = (γ1, γ2) ∈ R
2 and
z = (z1, z2) ∈ C
2 for which it makes sense we put |zγ | = |z1|
γ1 |z2|
γ2 . The unit disc in C is denoted
by D and the set of proper holomorphic mappings between domains D,G ⊂ Cn is denoted by
Prop(D,G).
In this paper we deal with the pseudoconvex Reinhardt domains in C2 whose logarithmic image
is equal to a strip or a half-plane. Observe that such domains are always algebraically equivalent
to domains of the form
Dα,r−,r+ := {z ∈ C
2 : r− < |zα| < r+},
where α = (α1, α2) ∈ (R
2)∗, 0 < r
+ <∞, −∞ < r− < r+.
We say that Dα,r−,r+ is of the irrational type if α1/α2 ∈ R \Q. In the other case Dα,r−,r+ is
said to be of the rational type.
Recall that if r− < 0 < r+, α ∈ (R2)∗, then the domains Dα,r−,r+ are so-called elementary
Reinhardt domains.
Below we shall give a complete description of all proper holomorphic mappings between the
domains Dα,r−1 ,r
+
1
and Dβ,r−2 ,r
+
2
for arbitrary α, β ∈ (R2)∗ and 0 < r
+
i < ∞, −∞ < r
−
i < r
+
i , i =
1, 2. Similar problems were studied in some papers. In [Shi1] and [Shi2] the problem of holomorphic
equivalence of elementary Reinhardt domains was considered. These results were partially extended
by A. Edigarian and W. Zwonek. In the paper [Edi-Zwo] the authors gave a characterization of
proper holomorphic mappings between elementary Reinhardt domains of the rational type.
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Set A(ρ−, ρ+) := {z ∈ C : ρ− < |z| < ρ+} for 0 < ρ+, ρ− < ρ+ and Aρ := A(1/ρ, ρ), ρ > 1.
Moreover, put
Dγ,r := {z ∈ C
2 : 1/r < |z1||z2|
γ < r}, γ ∈ R∗, r > 1
Dγ := {z ∈ C
2 : |z1||z2|
γ < 1}, γ ∈ R∗
D∗γ := {z ∈ C
2 : 0 < |z1||z2|
γ < 1}, γ ∈ R∗
Note that if γ is rational i.e. γ = p/q for some relatively prime p, q ∈ Z, q > 0, then Dγ,r is
biholomorphically equivalent to Arq×C∗ and D
∗
γ is biholomorphically equivalent to D∗×C. Indeed,
put
ψ(z1, z2) := (z
q
1z
p
2 , z
m
1 z
n
2 ) for (z1, z2) ∈ C
2,
where m,n ∈ Z are such that pm − qn = 1. One can check that the mappings ψ|Dγ,r : Dγ,r →
Arq × C∗ and ψ|D∗γ : D
∗
γ → D∗ × C∗ are biholomorphic.
Moreover, one may easily prove that Dα,r−,r+ is algebraically equivalent to a domain of one of
the following types:
(i) If r− > 0
(a) Aρ × C, α1α2 = 0,
(b) Aρ × C∗, α1/α2 ∈ Q∗,
(c) Dγ,ρ, γ = α2/α1 ∈ R \Q,
(ii) If r− = 0
(a) D∗ × C, α1α2 = 0,
(b) D∗ × C∗, α1/α2 ∈ Q∗,
(c) D∗γ , γ = α2/α1 ∈ R \Q,
(iii) If r− < 0
(b) D× C, α1α2 = 0,
(a) Dγ , γ = α2/α1 6= 0.
Our main result is the following
Theorem 1. (a) If α ∈ R \Q, then the set of proper holomorphic mappings between the domains
Dα,r and Dβ,R is non-empty if and only if
(1)
logR
log r
∈ Z+ βZ and α
logR
log r
∈ Z+ βZ.
(b) Let α, β ∈ R\Q, r, R > 1 be such that logRlog r = k1 + l1β and α
logR
log r = k2 + l2β for some
integers ki, li, i = 1, 2. Then any proper holomorphic mapping f : Dα,r → Dβ,R is given by one of
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the following forms:
(2)
{
f(z) = (azk11 z
k2
2 , bz
l1
1 z
l2
2 ) or
f(z) = (az−k11 z
−k2
2 , bz
−l1
1 z
−l2
2 )
z = (z1, z2) ∈ Dα,r,
where a, b ∈ C satisfy the relation |a||b|β = 1.
Moreover, any of the mappings given by the formula (2) is proper.
Notice that in Theorem 1 (a) we do not demand β to be irrational.
Using Theorem 1 we will easily obtain analogous results for the domains of the forms (ii) and
(iii) of the irrational type.
Theorem 2. Let α, β ∈ R \Q. The set of proper holomorphic mappings between the domains D∗α
and D∗β is non-empty if and only if α = (k2 + βl2)/(k1 + βl1) for some ki, li ∈ Z, i = 1, 2.
Moreover, if α = (k2+βl2)/(k1+βl1), where k1+ l1β > 0, then any proper holomorphic mapping
f : D∗α → D
∗
β is of the form
(3) f(z1, z2) = (az
k1
1 z
k2
2 , bz
l1
1 z
l2
2 ), (z1, z2) ∈ D
∗
α,
where a, b ∈ C satisfy the relation |a||b|β = 1.
Theorem 3. Let α, β ∈ R \Q.
(a) If α > 0, β > 0, then the set Prop(Dα, Dβ) is non-empty if and only if α = pβ for some
p ∈ Q>0. In this case all proper maps between Dα and Dβ are of the form
(4) (z1, z2)→ (az
k
1 , bz
l
2),
where a, b ∈ C∗, |a||b|
α = 1, and k, l are any positive integers satisfying the relation p = lk .
(b) If α < 0, β < 0, then the set Prop(Dα, Dβ) is non-empty if and only if α = p1 + p2β for some
rational p1, p2, p2 6= 0. In this case all proper maps between Dα and Dβ are of the form
(5) (z1, z2)→ (az
k1
1 z
k2
2 , bz
l
2),
where a, b ∈ C∗, |a||b|
α = 1, and k1, k2, l, k1 > 0, are any integers satisfying the relations
p1 = −
k2
k1
, p2 =
l
k1
.
(c) If αβ < 0 then there is no proper holomorphic mappings between Dα and Dβ .
Next we prove the following
Theorem 4. Let α, β ∈ (R2)∗, r
+
i > 0, r
−
i < r
+
i , i = 1, 2. Assume that the sets Dα,r−1 ,r
+
1
, Dβ,r−2 ,r
+
2
are of the same type (either rational or irrational).
If there exists a proper holomorphic mapping ψ : Dα,r−1 ,r
+
1
→ Dβ,r−2 ,r
+
2
, then r−1 r
−
2 > 0 or
r−1 = r
−
2 = 0.
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In the case when the domains Dα,r−1 ,r
+
1
and Dα,r−2 ,r
+
2
are of different types we have the following
result:
Theorem 5. Let α, β ∈ (R2)∗, r
+
i > 0, r
−
i < r
+
i , i = 1, 2. If the sets Dα,r−1 ,r
+
1
and Dβ,r−2 ,r
+
2
are
of different types, then there is no proper holomorphic mapping between Dα,r−1 ,r
+
1
and Dβ,r−2 ,r
+
2
.
Finally we discuss the rational case. As already mentioned the set of proper holomorphic map-
pings between elementary Reinhardt domains of the rational type was described in [Edi-Zwo]. Thus,
in order to obtain the desired characterization, it suffices to prove the following three theorems.
Theorem 6. Let r, R > 1. If R 6= rm for any natural m, then the sets Prop(Ar × C,AR × C),
Prop(Ar × C∗,AR × C) and Prop(Ar × C∗,AR × C∗) are empty.
Moreover, for any m ∈ N :
(a) Prop(Ar × C,Arm × C) consists of the mappings of the form
Ar × C ∋ (z, w)→ (e
iθzǫm, aN (z)w
N + . . .+ a0(z)) ∈ Arm × C,
where θ ∈ R, N ∈ N, ǫ = ±1 and a0, . . . , aN ∈ O(Ar) are such that |a0(z)|+ . . .+ |aN (z)| > 0, z ∈
Ar.
(b) Prop(Ar × C∗,Arm × C) consists of the mappings of the form
Ar × C∗ ∋ (z, w)→ (e
iθzǫm,
aN (z)w
N + . . .+ a0(z)
wk
) ∈ Arm × C,
where θ ∈ R, k,N ∈ N, 0 < k < N, ǫ = ±1 and ai ∈ O(Ar), i = 1, . . . , N satisfy the relations
|a0(z)|+ . . .+ |ak−1(z)| > 0, |ak+1(z)|+ . . .+ |aN (z)| > 0, z ∈ Ar.
(c) Prop(Ar × C∗,Arm × C∗) consists of the mappings of the form
Ar × C∗ ∋ (z, w)→ (e
iθzm, a(z)wk) ∈ Arm × C∗,
where ǫ = ±1, θ ∈ R, k ∈ N and a ∈ O(Ar ,C∗).
Theorem 7. There are no proper holomorphic mappings between the sets Ar×C and AR×C∗ for
any r, R > 1.
Theorem 8. (a) Prop(D∗ × C,D∗ × C) consists of the mappings of the form
D∗ × C ∋ (z, w)→ (e
iθzm, aN (z)w
N + . . .+ a0(z)) ∈ D∗ × C,
where θ ∈ R, N ∈ N, m ∈ N and a0, . . . , aN ∈ O(D∗) are such that |a0(z)|+ . . .+ |aN (z)| > 0, z ∈
D∗.
(b) Prop(D∗ × C∗,D∗ × C) consists of the mappings of the form
D∗ × C∗ ∋ (z, w)→ (e
iθzm,
aN (z)w
N + . . .+ a0(z)
wk
) ∈ D∗ × C,
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where θ ∈ R, m ∈ N, k,N ∈ N, 0 < k < N and ai ∈ O(D∗), i = 1, . . . , N satisfy the relations
|a0(z)|+ . . .+ |ak−1(z)| > 0, |ak+1(z)|+ . . .+ |aN (z)| > 0 for z ∈ D∗.
(c) Prop(D∗ × C∗,D∗ × C∗) consists of the mappings of the form
D∗ × C∗ ∋ (z, w)→ (e
iθzm, a(z)wk) ∈ D∗ × C∗,
where θ ∈ R, k ∈ N and a ∈ O(D∗,C∗).
(d) The set Prop(D∗ × C,D∗ × C∗) is empty.
2. Proofs
The following result is probably known. However, we could not find it in the literature, so we
present below our own proof.
Lemma 9. Let D ⊂ Cn be a domain, α ∈ R \Q and let f, g : D → C be holomorphic mappings
satisfying the relation |f(z)| = |g(z)|α, z ∈ D. Then, either f = g = 0 on D or there exists a
holomorphic branch of logarithm g i.e. a mapping ψ ∈ O(D) such that eψ = g on D. In particular,
there exists a θ ∈ R such that f = eiθ+αψ on D.
Proof. Comparing multiplicities of the roots of the functions f and g composed with affine mappings
we may reduce our considerations to the case when f, g : D → C∗. Moreover, we may assume that
g(x′) ∈ R>0 for some x
′ ∈ D.
Obviously, there exists an η ∈ R such that the set Gη := {z ∈ D : e
iηf(z) ∈ g(z)α} is non-empty.
Considering, if necessary, a mapping eiηf instead of f we may assume that η = 0.
It is easy to see that G0 in an open-closed subset of D, therefore, G0 = D. Thus, there exists a
holomorphic branch of gα (also denoted by gα) such that gα(x′) ∈ R>0. It follows that there exist
gt for any t ∈ Q := {k + lα : k, l ∈ Z}. Fix a sequence (tm)
∞
m=1 ⊂ Q converging to 0. In virtue of
Montel’s theorem, it is clear that gtm → 1 locally uniformly.
Put ψm :=
gtm−1
tm
. Then limm→∞ ψm(x
′) = log g(x′) and the sequence (ψ′m)
∞
m=1 = (g
tm−1g′)∞m=1
is locally uniformly convergent with the limit 1gg
′. Thus the sequence (ψm)
∞
m=1 converges locally
uniformly on D. Denote its limit by ψ. By the Weierstrass theorem ψ is holomorphic on D and
ψ′ = limm→∞ ψ
′
m =
1
g g
′.
Let D˜ ⊂ D be any simply connected neighborhood of x′. Let ψ˜ be a holomorphic mapping on
D˜ such that g| eD = e
eψ and ψ˜(x′) = log g(x′). It is easy to see that ψ˜ = ψ on D˜, therefore, by the
identity principle we conclude that g = eψ on D. 
Lemma 10. Let 0 < r+i , −∞ < r
−
i < r
+
i , i = 1, 2, α, β ∈ R. Let (λn)
∞
n=1 ⊂ A(r
−
1 , r
+
1 ). Assume
that the mapping φ : D(1,α),r−1 ,r
+
1
→ D(1,β),r−2 ,r
+
2
is holomorphic and proper. Put
v(λ) := |φ1(λ, 1)||φ2(λ, 1)|
β , λ ∈ A(r−1 , r
+
1 ).
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If the sequence (λn)
∞
n=1 has no accumulation points in A(r
−
1 , r
+
1 ), then (v(λn))
∞
n=1 has no accu-
mulation points in A(r−2 , r
+
2 ).
Proof. Assume that v(λn)→ q. It suffices to show that q ∈ ∂A(r
−
2 , r
+
2 ).
Otherwise q ∈ A(r−2 , r
+
2 ). Note that for any λ ∈ A(r
−
1 , r
+
1 ) the function
(6) uλ : C ∋ z → |φ1(λe
−αz , ez)||φ2(λe
−αz , ez)|β
is bounded and subharmonic, so uλ is constant.
Since φ is proper, the mapping C ∋ z → φ2(λne
−αz, ez) ∈ C is non-constant for any n ∈ N.
Picard’s theorem implies that there is a sequence (zn)
∞
n=0 ⊂ C such that |φ2(λne
−αzn , ezn)|β = 1.
Obviously uλ(z) = uλ(1) = v(λ), z ∈ C and v(λn) → q, so |φ1(λne
−αzn , ezn)| → q. In particular,
the set {φ(λne
−αzn , ezn) : n ∈ N} is relatively compact in D(1,β),r−2 ,r
+
2
, however the sequence
((λne
−αzn , ezn))∞n=1 does not have any accumulation points in D(1,α),r−1 ,r
+
1
; a contradiction. 
Corollary 11. Let φ = (φ1, φ2) : Dα,r → Dβ,R be a proper holomorphic mapping and let α, β ∈
R>0, r, R > 1. Put v(λ) := |φ1(λ, 1)||φ2(λ, 1)|
β , λ ∈ Ar. Then, either
lim
|λ|→1/r
v(λ) = 1/R, lim
|λ|→r
v(λ) = R or lim
|λ|→1/r
v(λ) = R, lim
|λ|→r
v(λ) = 1/R.
Lemma 12. Let α ∈ R \Q, β ∈ R, −∞ < r−i < r
+
i < ∞, 0 < r
+
i , i = 1, 2, and let φ :
D(1,α),r−1 ,r
+
1
→ D(1,β),r−2 ,r
+
2
be a holomorphic mapping. Then for any λ ∈ A(r−1 , r
+
1 ) :
φ({(z1, z2) ∈C
2 : |z1||z2|
α = |λ|}) ⊂
{(w1, w2) ∈ C
2 : |w1||w2|
β = |φ1(λ, 1)||φ2(λ, 1)|
β}.
Proof. Note that for any λ ∈ A(r−1 , r
+
1 ) the function
u : C ∋ z → |φ1(λe
αz, e−z)||φ2(λe
αz , e−z)|β
is subharmonic and bounded. Hence u is constant.
In virtue of Kronecker’s theorem, the set {(|λ|eαz , e−z) : z ∈ C} is dense in {(z1, z2) ∈ C
2 :
|z1||z2|
α = |λ|}. Thus, there is t ∈ R such that
φ({(z1, z2) ∈ C
2 : |z1||z2|
α = |λ|}) ⊂ {(w1, w2) ∈ C
2 : |w1||w2|
β = t}.
It is easy to see that t = |φ1(λ, 1)||φ2(λ, 1)|
β . 
Proof of Theorem 1 (a). Let φ : Dα,r → Dβ,R be a proper holomorphic mapping. Put v(λ) :=
|φ1(λ, 1)||φ2(λ, 1)|
β , λ ∈ Ar. Obviously, log v is a harmonic function. Applying Corollary 11 and
Hadamard’s theorem we infer that v is one of the following forms
v(λ) = |λ|
logR
log r , λ ∈ Ar or v(λ) = |λ|
− logRlog r , λ ∈ Ar.
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From this and Lemma 12 we easily conclude that there is ǫ = ±1 such that
(7) |φ1(z)||φ2(z)|
β = |z1|
ǫ logRlog r |z2|
ǫα logRlog r , z ∈ Dα,r.
Let z2 = 1, z1 = z ∈ Ar, ψi(z) := φi(z, 1), i = 1, 2. Then
log(ψ1(z)ψ1(z)) + β log(ψ2(z)ψ2(z)) = ǫ
logR
log r
log(zz).
Differentiating with respect to z we get
(8)
ψ′1(z)
ψ1(z)
+ β
ψ′2(z)
ψ2(z)
= ǫ
logR
log r
·
1
z
, z ∈ Ar.
It follows that
Ind(ψ1 ◦ γ; 0) + β Ind(ψ2 ◦ γ; 0) = ǫ
logR
log r
,
where γ is the unit circle. Hence logRlog r ∈ Z + βZ. The same argument with respect to the second
variable shows that α logRlog r ∈ Z+ βZ.
To prove the converse, assume that the conditions (1) are fulfilled, i.e.
logR
log r
= k1 + l1β, α
logR
log r
= k2 + l2β,
where ki, li ∈ Z, i = 1, 2. Define φ1(z) := z
k1
1 z
k2
2 , φ2(z) := z
l1
1 z
l2
2 for z = (z1, z2) ∈ C
2, φ :=
(φ1, φ2). Observe that φ|Dα,r ∈ Prop(Dα,r;Dβ,R). Indeed, it is easy to check that
(9) |φ1(z)||φ2(z)|
β = |z1|
logR/ log r|z2|
α logR/ log r, (z1, z2) ∈ Dα,r,
so φ|Dα,r ∈ O(Dα,r, Dβ,R). Since k1l2 6= k2l1, φ is a proper holomorphic mapping from (C∗)
2 into
itself (see [Zwo], Theorem 2.1). Now we immediately conclude from (9) that φ|Dα,r is a proper
holomorphic mapping between Dα,r and Dβ,R. 
Lemma 9 and (7) lead to the following
Corollary 13. Let α, β ∈ R \Q, and φ ∈ Prop(Dα,r, Dβ,R). Assume that
logR
log r = k1 + l1β and
α logRlog r = k2 + l2β for some ki, li ∈ Z, i = 1, 2. Then there are θ ∈ R, ψ ∈ O(Dα,r) and ǫ ∈ {1,−1}
such that
φ(z) = (zǫk11 z
ǫk2
2 e
iθe−βψ(z), zǫl11 z
ǫl2
2 e
ψ(z)), z ∈ Dα,r.
Remark 14. We may always assume that ǫ in Corollary 13 is equal to 1 (if necessary instead of
φ we may consider the mapping φ ◦ h, where h ∈ Aut(Dα,r) is given by the formula h(z1, z2) :=
(z−11 , z
−1
2 )).
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To prove Theorem 1 we need the following notation. Put Xα,r := {z ∈ C
2 : − log r < Rez1 +
αRez2 < log r} and Π(z1, z2) := (e
z1 , ez2) for (z1, z2) ∈ C
2. Note that (Xα,r,Π) is the universal
covering of Dα,r. Moreover, it is clear that Xα,r is simply connected.
We get the following lemma
Lemma 15. Let α, β ∈ R \Q, r, R > 1 and assume that logRlog r = k1+ l1β, α
logR
log r = k2+ l2β, where
ki, li ∈ Z, i = 1, 2. Let f : Dα,r → Dβ,R be a proper holomorphic mapping. Then every continuous
lifting of the mapping f ◦Π : Xα,r → Dβ,R is proper and holomorphic.
Proof. In virtue of Corollary 13 and Remark 14 we may assume that the mapping f is given by the
formula f(z) = (zk11 z
k2
2 e
−βψ(z)+iθ, zl11 z
l2
2 e
ψ(z)), (z ∈ Dα,r), where θ ∈ R and ψ ∈ O(Dα,r).
Let f˜ be any continuous lifting of f ◦Π : Xα,r → Dβ,R, that is f˜ : Xα,r → Xβ,R and f ◦Π = Π◦ f˜ .
It is obvious that f˜ is holomorphic. Then by the identity principle
(10)
{
f˜1(z) = k1z1 + k2z2 − βψ(e
z1 , ez2) + iθ + 2µ1πi,
f˜2(z) = l1z1 + l2z2 + ψ(e
z1 , ez2) + 2µ2πi
z ∈ Xα,r
for some µi ∈ Z, i = 1, 2.
Suppose that f˜ is not proper, i.e. there is a sequence (zm)∞m=1 ⊂ Xα,r, z
m = (zm1 , z
m
2 ), m ∈ N
without any accumulation points in Xα,r such that (f˜(z
m))∞m=1 is convergent in Xβ,R. Put y0 :=
limm→∞ f˜(z
m) ∈ Xβ,R.
Obviously, f(Π(zm1 , z
m
2 )) = Π(f˜(z
m
1 , z
m
2 ))→ Π(y0). Since f is proper, the set {Π(z
m) : m ≥ 1}
is relatively compact in Dα,r. Thus we may assume that the sequence (Π(z
m))∞m=1 is convergent in
Dα,r. Denote its limit by w0 := limm→∞Π(z
m) ∈ Dα,r. From (10) we deduce that the sequences
(k1z
m
1 + k2z
m
2 )
∞
m=1 and (l1z
m
1 + l2z
m
2 )
∞
m=1 are convergent in C
2. Thus (zm)∞m=1 is also convergent.
Put z0 := limm→∞ z
m. Now it suffices to observe that Π(z0) = w0 ∈ Dα,r, so z0 ∈ Xα,r; a
contradiction 
Now we are able to give a description of the set of proper holomorphic mappings between the
domains Dα,r and Dβ,R of the irrational type.
Proof of Theorem 1 (b). Let f ∈ Prop(Dα,r, Dβ,R). In virtue of Corollary 13 and Remark 14 we
may assume that
f(z) = (zk11 z
k2
2 e
−βψ(z)+iθ, zl11 z
l2
2 e
ψ(z)), z = (z1, z2) ∈ Dα,r
for some θ ∈ R and ψ ∈ O(Dα,r). Our aim is to show that the mapping ψ is constant.
To simplify notation for γ ∈ R put
Λγ : C
2 ∋ (z1, z2)→ (z1 + γz2, z2) ∈ C
2.
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It is clear that Λγ(Xγ,ρ) = Sρ ×C, ρ > 1, where Sρ := {z ∈ C : − log r < Rez < log r}. Moreover,
the mapping Λγ is biholomorphic and the inverse is given by Λ
−1
γ = Λ−γ .
Note that the mapping f˜ : Xα,r → Xβ,R given by
f˜(z) = (k1z1 + k2z2 − βψ(e
z1 , ez2) + iθ, l1z1 + l2z2 + ψ(e
z1 , ez2))
is a lifting of f ◦Π. Thus Lemma 15 implies that f˜ is proper and holomorphic.
Put H := (H1, H2) := Λβ ◦ f˜ ◦Λ
−1
α : Sr ×C→ SR×C. Obviously, the mapping H is proper and
holomorphic.
Applying the relations logRlog r = k1 + l1β, α
logR
log r = k2 + l2β we see that
(11) H(z) = (z1(k1 + βl1) + iθ, l1z1 + z2(l2 − l1α) + ψ(e
z1−αz2 , ez2)), z ∈ Sr × C.
From this we conclude that for any z1 ∈ Sr the mapping C ∋ z → H2(z1, z) ∈ C is proper and
holomorphic. Consequently, due to the form of proper holomorphic self-mappings of C, we deduce
that there is a polynomial p = pz1 ∈ P(C) such that H2(z1, z) = p(z). Therefore, the polynomial
q(z) := qz1(z) := p(z)− l1z1 − z(l2 − l1α) satisfies the equation
(12) ψ(ez1e−αz, ez) = q(z), z ∈ C.
Notice that {(ez1e−α2πim, e2πim) : m ∈ N} is a relatively compact subset of Dα,r and the
sequence {q(2πim)}∞m=1 is bounded. Thus the polynomial q is constant.
Put c(z1) := ψ(e
z1−αz2 , ez2), z1 ∈ Sr. Let us fix any 1 < ρ < R and take a constant M =
M(ρ) > 0 such that |c(x)| < M for every x ∈ [− log ρ, log ρ].
Let λ ∈ ρD\ 1ρD be arbitrary. Note that for any z2 ∈ C we have |ψ(|λ|e
−αz2 , ez2)| = |c(log |λ|)| <
M. Applying Kronecker’s theorem we infer that the set {(|λ|e−αz , ez) : z ∈ C} is dense in {(z1, z2) ∈
C2 : |z1||z2|
α = |λ|}. Consequently ψ|Dα,ρ is bounded.
Now it suffices to repeat the proof of Lemma 2.7.1 of [Jar-Pfl1] in order to show that every
bounded holomorphic mapping on Dα,ρ (in particular ψ) is constant.
On the other hand, we have already mentioned in the proof of Theorem 1 (a), that any mapping
given by the formula (2) is proper. 
Proof of Theorems 2 and 3. We prove simultaneously both cases. Let f : Dα → Dβ (respectively,
f : D∗α → D
∗
β) be a proper holomorphic function. We aim at reducing the situation to that of
Theorem 1. Take any r > 1.
From Lemma 12 we see that for any t ∈ [0, 1) (t ∈ (0, 1)) there is an s(t) ∈ [0, 1) (s(t) ∈ (0, 1))
such that
f({(z1, z2) ∈ C
2 : |z1||z2|
α = t}) ⊂ {(w1, w2) ∈ C
2 : |w1||w2|
β = s(t)}.
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Note that s(|λ|) = |f1(λ, 1)||f2(λ, 1)|
β and the function v given by v : D ∋ λ → s(|λ|) ∈ [0, 1]
(respectively v : D∗ ∋ λ → s(|λ|) ∈ [0, 1]) is radial and subharmonic on D (in the second case we
may remove singularity at 0). The maximum principle applied to the function v implies that s is
increasing.
In particular, there is anR > 1 such that the restriction f |D(1,α),1/r2,1 : D(1,α),1/r2,1 → D(1,β),1/R2,1
is proper. For ρ > 1 put Λ˜ρ : C
2 ∋ (z1, z2) → (ρz1, z2) ∈ C
2 and define ψ := Λ˜R ◦ f ◦ Λ˜
−1
r |Dα,r .
Note that ψ : Dα,r → Dβ,R is a proper holomorphic mapping. Applying Theorem 1 we find
that that logRlog r = k1 + l1β, α
logR
log r = k2 + l2β and ψ(z1, z2) = (az
ǫk1
1 z
ǫk2
2 , bz
ǫl1
1 z
ǫl2
2 ) for some
ki, li ∈ Z, i = 1, 2, ǫ = ±1 and a, b ∈ C satisfying the equation |a||b|
β = 1. Obviously
(13) α =
k2 + l2β
k1 + l1β
and by the identity principle we obtain that
(14) f(z1, z2) = (ar
ǫl1βzǫk11 z
ǫk2
2 , br
−ǫl1zǫl11 z
ǫl2
2 ), (z1, z2) ∈ Dα ((z1, z2) ∈ D
∗
α).
If we consider the case f : D∗α → D
∗
β , then it suffices to notice that |f1(z)||f2(z)|
β = (|z1||z2|
α)ǫk1+ǫl1β , z =
(z1, z2) ∈ D
∗
α, hence ǫ(k1 + l1β) > 0.
Now let us focus our attention on the remaining case, i.e. the situation when f : Dα → Dβ.
It is clear that if αβ < 0 then the set Prop(Dα, Dβ) is empty.
Assume that α, β > 0. Considerations done at the beginning of the proof show that f preserves
the axes (C × {0}) ∪ ({0} × C). Therefore f(z1, z2) = (az
k1
1 , bz
l2
2 ), (z1, z2) ∈ Dα, or f(z1, z2) =
(azl12 b, z
k2
1 ), (z1, z2) ∈ Dα, where ki, li ≥ 0, i = 1, 2. A direct computation shows that f cannot be
of the second form (otherwise by (13) we would find that α ∈ Q). From this piece of information
one can easily get (a).
Similarly, if α, β < 0 we state that the mapping f is of the form f(z1, z2) = (az
k1
1 z
k2
2 , bz
l2
2 ), (z1, z2) ∈
Dα, k1 ≥ 0. As before, using this piece of information one can easily finish the proof.
From this piece of information we easily get the required formulas.
On the other hand, one can check that any of the mappings given in Theorem 3 is proper (since
α is irrational, k1l2 − k2l1 6= 0). 
Lemma 16. Let r+ > 0, r− < r+, t ∈ R. Suppose that the function v : A(r−, r+) → [−∞, t) is
subharmonic, radial (i.e. v(|λ|) = v(λ), λ ∈ A(r−, r+)) and harmonic on the set {z ∈ A(r−, r+) :
v(z) 6= −∞}. Then there exist a, b ∈ R such that
v(λ) = a log |λ|+ b, λ ∈ A(r−, r+).
Proof. It suffices to observe that since v is radial, A(r−, r+) \ {0} ⊂ {z ∈ A(r−, r+) : v(z) 6= −∞}
(and next one may proceed standardly, i.e. solve an easy differential equation). 
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Proof of Theorem 4. First, let us consider the case when Dα,r−1 ,r
+
1
and Dβ,r−2 ,r
+
2
are of the irrational
type. Then we may assume that α = (1, α1) for some α1 ∈ R \Q. Let
v : A(r−1 , r
+
1 ) ∋ λ→ log |ψ1(λ, 1)|
β1 |ψ2(λ, 1)|
β2 ∈ R.
By Lemma 12 we get that ψ({(z1, z2) ∈ C
2 : |z1||z2|
α = |λ|} ⊂ {(w1, w2) ∈ C
2 : |w1|
β1 |w2|
β2 =
ev(λ)}. Therefore, the function v is radial. Observe moreover that v is subharmonic on A(r−1 , r
+
1 )
and harmonic on the set {λ ∈ A(r−1 , r
+
1 ) : v(λ) > −∞}. Since ψ is surjective, we conclude that
(15) v(A(r−1 , r
+
1 )) =
{
(log r−2 , log r
+
2 ), if r
−
2 ≥ 0,
[−∞, log r+2 ), if r
−
2 < 0,
(we put log 0 := −∞). However, by Lemma 16 the function v must be of the form v(λ) = a log |λ|+
b, λ ∈ A(r−1 , r
+
1 ) for some a, b ∈ R, which easily finishes the proof in this case.
Now suppose that Dα,r−1 ,r
+
1
and Dβ,r−2 ,r
+
2
are of the rational type; without loss of generality we
may assume that β = (p, q) ∈ Z2 and α = (1, α1) for some α1 ∈ Q. Applying Lemma 10 one can
see that the mapping
A(r−1 , r
+
1 ) ∋ λ→ ψ1(λ, 1)
pψ2(λ, 1)
q ∈ A(r−2 , r
+
2 )
is proper. Hence this case follows directly from the form of the set of proper holomorphic mappings
between A(r−1 , r
+
1 ) and A(r
−
2 , r
+
2 ). 
Proof of Theorem 5. Assume that Dα,r−1 ,r
+
1
is of the rational type and Dβ,r−2 ,r
+
2
is of the irrational
type; without loss of generality α = (1, p/q) for some p, q ∈ Z and β = (1, β2) for some β2 ∈ R \Q.
Suppose that ψ : Dα,r−1 ,r
+
1
→ Dβ,r−2 ,r
+
2
is a proper holomorphic mapping. Note that for any
λ ∈ A(r−1 , r
+
1 ) the mapping
(16) uλ : C∗ ∋ z → |ψ1(λz
p, z−q)||ψ2(λz
p, z−q)|β2
is constant. Fix λ0 and c 6= 0 such that uλ0 ≡ c. One can see that C∗ ∋ z → ψi(λ0z
p, z−q) ∈ C∗
is a proper holomorphic self-mapping of C∗, i = 1, 2. Therefore, there are ai ∈ C∗ and µi ∈
Z∗, i = 1, 2 such that ψi(λ0z
p, z−q) = aiz
µi , z ∈ C∗, i = 1, 2. Applying (16) it is clear that
|a1||a2|
β2 |z|µ1+µ2β2 = c, z ∈ C∗. In particular, β2 ∈ Q; a contradiction.
Now, suppose that there exists a proper holomorphic mapping ψ : Dβ,r−2 ,r
+
2
→ Dα,r−1 ,r
+
1
. Put u(λ) := |ψ1(λ, 1)||ψ2(λ, 1)|
β2 for λ ∈ A(r−2 , r
+
2 ).
Applying Lemmas 10 and 12 we obtain that the function u satisfies assumptions of Lemma 16.
Thus, there are a, b ∈ R such that log u(λ) = a log |λ|+ b, λ ∈ A(r−2 , r
+
2 ). In particular, the function
u is either strictly increasing or strictly decreasing. Take any ρ−2 , ρ
+
2 such that ρ
−
2 > max{0, r
−
2 },
ρ+2 < r
+
2 , ρ
−
2 < ρ
+
2 . Put ρ
−
1 := min{u(ρ
−
2 ), u(ρ
+
2 )}, ρ
+
1 := max{u(ρ
−
2 ), u(ρ
+
2 )}. Then
ψ|D
β,ρ
−
2 ,ρ
+
2
: Dβ,ρ−2 ,ρ
+
2
→ D(1,α),ρ−1 ,ρ
+
1
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is obviously a proper holomorphic mapping. In virtue of Theorem 1 (a) we see that there are
ki, li ∈ Z, i = 1, 2 such that β = (k1 + l1α)/(k2 + l2α). In particular, β ∈ Q; a contradiction. 
Lemma 17. Let A,B ⊂ Cn be domains and assume that B is bounded.
(a) The mapping f : A × C∗ → B × C is proper and holomorphic if and only if there are
m ∈ Prop(A,B), k ∈ N, 0 < k < N, N ∈ N, ai ∈ O(A), i = 1, . . . , N, |a0(z)|+ . . .+ |ak−1(z)| >
0, |ak+1(z)|+ . . .+ |aN (z)| > 0, z ∈ A satisfying the relation
f(z, w) =
(
m(z),
aN (z)w
N + . . .+ a0(z)
wk
)
, (z, w) ∈ A× C∗.
(b) The mapping f : A×C→ B×C is proper and holomorphic if and only if there are a0, . . . , aN ∈
O(A), N ∈ N, |a0(z)| + . . . + |aN(z)| > 0, z ∈ A and there is a proper holomorphic mapping
m : A→ B such that
f(z, w) = (m(z), aN (z)w
N + . . .+ a0(z)), (z, w) ∈ A× C.
(c) The mapping f : A × C∗ → B × C is proper and holomorphic if and only if there are
m ∈ Prop(A,B), a ∈ O(A,C∗) and k ∈ N such that
f(z, w) = (m(z), a(z)wk), (z, w) ∈ A× C∗.
(d) There is no proper holomorphic mappings between A× C and B × C∗.
Proof. First of all, notice that for any z ∈ A the mapping w → f1(z, w) ∈ C
n is bounded on C (or
C∗), so it is constant.
(a) Observe that C∗ ∋ w → f2(z, w) ∈ C is a proper mapping for any z ∈ A. Thus, for any z ∈ A
there is a polynomial p(z, ·), p(z, 0) 6= 0, and a natural k(z) such that
(17) φ2(z, w) =
p(z, w)
wk(z)
, (z, w) ∈ A× C∗.
One can see that there is a k such that k = k(z), z ∈ A (use Rouche’s theorem). Consequently
p ∈ O(A × C∗).
Fix any domain A′ ⊂⊂ A and put
Aµ := {z ∈ A′ :
∂µp
∂wµ
(z, w) = 0 for any w ∈ C}.
The above considerations imply that
⋃∞
µ=1 Aµ = A
′. Applying Baire’s theorem we find that there
exits N ∈ N such that AN does not have empty interior. By the identity principle AN = A.
Thus, there are holomorphic mappings a0, . . . , aN : A→ C such that p(z, w) = aN (z)w
N + . . .+
a1(z)w + a0(z) for (z, w) ∈ A× C, i.e.
(18) f2(z, w) =
aN(z)w
N + . . .+ a1(z)w + a0(z)
wk
, (z, w) ∈ A× C.
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By properness of f2(z, ·) we conclude that 0 < k < N, |aN (z)|+ . . .+ |ak+1(z)| > 0 and |ak−1(z)|+
. . .+ |a0(z)| > 0 for any z ∈ A.
Put m(z) := f1(z, 1), z ∈ A. We claim that m is proper.
Indeed, take any sequence (zn)
∞
n=1 and assume that it does not have any accumulation points in
A. Without loss of generality we may assume that a0(zn) 6= 0 for any n ∈ N (if required we may
replace a0 with a1 etc.). Then there exists a sequence (wn)
∞
n=1 ⊂ C∗ such that aN (zn)w
N
n + . . .+
a1(zn)wn + a0(zn) = 0 for any n ∈ N. Since f(zn, wn) = (m(zn), 0), it is obvious that (m(zn))
∞
n=1
has no accumulation points in B.
Conversely one can check that every mapping f defined in this way is proper.
(b) It is easy to see that C ∋ w → f2(z, w) ∈ C is the proper holomorphic mapping for any
z ∈ A. From the form of proper holomorphic self-mappings we conclude that for every z ∈ A the
mapping f2(z, ·) is a complex polynomial. Now we proceed exactly as in the proof of (a).
(c) We proceed similarly as in the proof of (a) and (b).
(d) Suppose that f : A × C → B × C∗ is a proper holomorphic function. Fix z ∈ A. Then the
mapping C ∋ w→ f2(z, w) ∈ C∗ is proper.
Take ψ ∈ O(C) such that f2(1, ·) = exp ◦ψ. Observe that ψ is a proper holomorphic self-mapping
of the complex plane, hence ψ is a polynomial. From these we easily get a contradiction. 
Proof of Theorems 6, 7 and 8. It is a direct consequence of Lemma 17. 
Finally, I take this opportunity to express deep gratitude to professor W lodzimierz Zwonek for
introducing me to the subject and numerous remarks.
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